In this paper we consider the MX/G/I queueing system with batch arrivals. We give simple approximations for the waiting-time probabilities of individual customers. These approximations are checked numerically and they are found to perform very well for a wide variety of batch-size and service-time distributions.
nonlight traffic this asymptotic expansion can be used as a good first-order approximation for the waitingtime probabilities. Next, by incorporating exact results for other quantities, such as the delay probability and the first two moments of the waiting time, we are able to give an improved second-order approximation. This approximate method performs very well for a wide range of values of the traffic intensity and the coefficients of variation of the service-time distribution and the batch-size distribution.
The organization of this paper is as follows. In Section 1, the model is defined and some preliminaries, including the asymptotic expansion of the waiting-time distribution, are given. The second-order approximation is given in Section 2. In Section 3 we give numerical results and discuss the performance of the approximations. The Appendix deals with the motivation of the second-order approximation. Here, it is assumed that the service time and the batch size have finite third moments. To give the asymptotically exponential expansion of the complementary waiting-time distribution 1 -Wq(t) for t -* o0, we need a mild assumption on the service-time and batch-size distributions. Essentially, we have to require that both the service-time and the batch-size distributions do not have an extremely long tail. This can be stated precisely as follows. This theorem follows as an immediate corollary of the general results for the GIX/G/1 queue in Van Ommeren. It can also be derived from Theorem 12 in Gaver (1959) , where an asymptotic expansion is given for the virtual waiting-time distribution in the Mx/G/I queue.
THE MODEL AND PRELIMINARIES

APPROXIMATIONS
The asymptotic expansion stated in Theorem 2 suggests the following first-order approximation to Wq(t) 1 -Wq(t) xae-t for t large enough.
This approximation gives practically useful results for moderate values of t as long as the traffic load is not too low. The performance of this first-order approximation improves as p increases. As a rule of thumb, in terms of the pth percentile of the waiting-time distribution function Wq(t), the first-order approximation can also be used for practical purposes when p > 1 -p( -WJ(O)), cf. also the numerical results in Section 3.
A refinement of the first-order approximation for the complementary waiting-time distribution 1 -Wq(t) that can be used for all values of t is given by Wapp(t) = ace-' + ye-"t + oe", t > 0.
(6)
Here a and : are the coefficients of the asymptotic expansion (5). The motivation of an approximation with three (rather than two) exponential terms is as follows. A close look at the derivation of the asymptotic expansion reveals that the behavior of the waiting-time distribution is determined by the poles of the Laplace-Stieltjes transform of this waiting-time distribution and the residues at these points. The pole with the largest negative real part is simple and real and gives a first-order approximation. The poles that have the second largest negative real parts lead to a secondorder approximation. However, it is difficult to find these poles because they no longer have to be real. We, therefore, try to determine y, 6, n and 'P by matching the exact explicit results for the delay probability, the derivative of Wq(x) at x = 0 and the first two moments of the stationary waiting time. This yields the relations 
The numbers y, b, r and SO may or may not be real. If they are not real, they are complex conjugates, that is, a = S? and y = a, and we find after some algebra that (6) involves a cosine term, cf. Note that the C 's represent the deviations of the moments of 1 -WJ(x) and the moments of the firstorder approximation ae-Ot. We can give a simple scheme for computation of the numbers y, 6, X and 'P. For clarity of presentation, we give only the results and refer to the Appendix for their derivation. Let /0 denote some constant with %0 > f, e.g., j% = 2f. We have to distinguish between the following cases. We then get three exponential terms in the approximation (6) where the numbers ay, 6, X and 'P are all real and are given by Since the approximations given in this paper are all continuous, it cannot be expected that they perform well in the case of deterministic services and low traffic. In this particular case we, therefore, suggest to use the approximate method given in Eikeboom and Tijms. Next, assume that the service-time distribution has a similar shape as the discount distribution, i.e., there is a large probability that the service time is within a relatively narrow interval. For these systems we have the same effect as in the case where the service times are constant: When p is small the waiting-time distribution will have most of its mass in a number of narrow intervals. This explains the fact that our approximation performs slightly less for the Eodistribution and p = 0.2 (see Section 3). To conclude this section, we give a short outline of the approximate method.
Step 1. Determine a and f (see Theorem 2).
Step 2. Compute C1, C2, C3, C4 and A (see (11)) by using (1), (2), (3) and (4).
Step 3. If one of the cases i, ii or iii (see below ( 11)) applies, then use the formulas given there to compute -y, 3, q and S(. In these three cases, the approximation is given by (6). In Case iv, use (13) to find y *, 6 *, (P and 4V*. The approximation is then given by (12). If none of these four cases apply, then follow the procedure described in Remark 1. In Tables I and II In these four nonlinear equations, we restrict the feasible (complex) numbers as follows: for -y 0 we require that Re(a) > f and for n $ 0 we require that Re(P) > F. From (6)-(l 1), when y = 0, the number 6 is not determined by (A 1) and, hence, can be taken as any real (or complex) number with Re(a) > F. The same applies for SP when n = 0. Also, it will be used below that the roles of y and 6 in (Al) are interchangeable with the roles of n and SP, respectively. In the following, let A: (C1 C3 -C2C4)2 -4(C3-C4C1 )(Cl -C2C3) and let F0 denote some real constant with %0 > A, e.g., F0 = 2f. This set of equations is identical to (A5) with y' = -y + q and 6 ' = 6 and, thus, either i or ii applies. Next, we can replace the solution (-y, 6(, 7, SP) with a solution as in (A2) or (A3).
